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Abstract 

The self-adjoint sub-classes of nonlinear evolution equations of fourth-order with time depen- 
dent coefficients are determined, generalizing some recent results. Using the new conservation 
theorem recently proved by Nail Ibragimov some conservation laws for time dependent equations 
are established illustrating the main results. 
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1 Introduction 



Since the equation 

ut + f{u)uxxxx + g{u)uxUxxx + h{u)ul^ + d{u)uluxx " p{u)uxx " q{u)ul = (1) 

was considered in p], some works have been dedicated to study the symmetry properties and conser- 
vation laws of ([I]) , see [H HI E] . 

Equation ([T]) encapsulates a wide list of important equations arising from the mathematical physics 
and mathematical biology, see [H [21 H] . 

Self-adjoint sub-classes of ([T|) were determined in [I]. Following Ibragimov [8], a self-adjoint equa- 
tion has the remarkable property that the nonlocal, or the non-physical, variable v can be eliminated. 
Then, if there are conservation laws for the equation and its corresponding adjoint equation, after 
substituting v = u, it is possible to establish conservation laws for the original equation. 

For the definitions of adjoint and self-adjoint equations, the author strongly recomend to the 
diligent reader to read the Ibragimov's works [71 EJ H] . 

The results on self-adjointness condition of ^ was generalized in [4J to the equation 

Ut + f{u)Uxxxx + 9{u)UxUxxx + r{u)Uxxx + K^Wx^ 

(2) 

+d{u)uluxx +p{u)uxx + q{u)ul + a{u)ux + b{u) = 0. 

In this letter we show that the self-adjoint conditions of the equation ^ is quite similar to those 
found in [1] and [1] to the equations ([1]) and respectively. In fact, the aim of this note is the 
following statement. 

Theorem 1. Equation 

Ut + f{t, u)uxxxx + g{t, u)uxU^x^ + r(t, u)Uxxx + hit 

(3) 

+d{t, u)u^Uxx + pit, u)uxx + Q{t, u)Ux + (^{t, u)ux + b{t, u) = 
is self-adjoint if and only if 

g = h+-{uf)u, d=^ + -{uh)u, q=-{w)u, r = C2{t) + ^, b=^, (4) 
u u u u u u 

where ci(t), • ■ ■ , C4(t) are arbitrary smooth functions. 
Proof. Let 



and 



F ■.= ut + f{t, u)uxxxx + 9{t, u)uxUxxx + r{t, u)uxxx + h{t, u)u 
+d{t, u)u^Uxx + p{t, u)uxx + q{t, u)Ux + a{t, u)ux + b{t, u) 



F* = — [v{ut + fuxxxx + gUxUxxx + ruxxx + hulx + duluxx + puxx + qui + aux + b)] 
du 

= —Dt{v) + D'^{vf) — D^{vgux + vr) + Dl{2hvUxx + dvul + pv) 
-Dxigvuxxx + 2dvUxUxx + 2qvux + av) + fuVU 

xxxx ~l~ du^UxUxxx ~l~ fuxxxx ~l~ hy^VU 

-\-duuluxx + PuVUxx + quVul + VOuUx + vbu, 



2 

XX 



(5) 



(6) 
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where 



6 d sr-^, d 

7;: = 7^ + E(-i)^A.---A 



5u du ^ ^ ^ du. 



is the Euler-Lagrange operator. 

Equation F* = is called adjoint equation to F = (see the definition in [H [3l HI [71 E]). Equation 
-F = is self- adjoint if and only if 

FX^^ = 4>F, (7) 

for some differential function (j). Substituting equations ([5]) and ([6]) into ([7]) and comparing the 
coefficient of ut, it is obtained that = — 1 and, up to differential consequences, from the coefficients 
of the remaining terms, it is obtained 

{uf)u - ug + uh = 0, (8) 

{up)u -uq = 0, (9) 

3iuf)uuu - 'i{ug)uu + 2{ud)u + iuh)uu = 0, (10) 

{ur)uu = 0, (11) 

iub)u = 0, (12) 

whose solution is □ 

In what follows, the prime ' means 
Corollary 1. (Freire f4^) Equation (0) is self-adjoint if and only if 

g = h+-{uf)\ d= — + -{uhy, q=-{up)', r = C2 + — , b=—, 
u u u u u u 

where Ci, • • • , C4 are arbitrary constants and /, h and p are arbitrary functions of u. 

Corollary 2. (Bruzon, Gandarias, Ibragimov JT^, Freire ^) Equation ^ is self-adjoint if and only 

if 111 

g = h+-{uf)', d= — + -{uh)\ q=-{up)\ 
u u u u 

where ci is an arbitrary constant and f, h and p are arbitrary functions of u. 
Corollary 3. (Bruzon, Gandarias, Ibragimov fljij) Equation 

Ut + f{u)Uxxxx = 

is self-adjoint if and only 

a 

Ut + -Uxxxx = 0, (13) 
u 

where a = const. 

Corollary 4. (Freire f^^) Equation 

ut + a{t,u)ux + b{t,u) = (14) 

is self-adjoint if and only if 



for some smooth function A = A(t). 
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2 An application 



Here we present an application of conservation laws and self-adjoint equations using the recent 
new conservation theorem due to Ibragimov [7J. 
Consider the self- adjoint equation 



ut + f{t)uux + git)ucxx = 0. 
Let be a function such that F' = f. A Lie point symmetry generator of (jl5p is 

Prom [7], a conserved vector for equation (fT5]) and its adjoint 

Vt + f{t)uVx + g{t)Vxxx = 

is C = (C°,C7^), where 

dC 



tC + W 



dut' 
dC 



+D^{W) 



dC 



dC 



+ Di 



dC 



d Uj 71 .7; d Hi ^ ^ ^ 



dC 

dXiir/'i-p'- 



+ Dl{W) 



dC 



W = T] - TUt - and C = v{ut + f{t)uux + g{t)uxxx)- 

Substituting ^ = r = 0, ?? = 1 and = 1 - F{t)ux into ([18]), it is obtained 

CO = v{l-F{t)ux), 

= F{t)vut + f{t)vu + g{t)vxx - F{t)g{t)uxVxx + F{t)g{t)vxUa:x- 
Setting V = u in (fTUj) . the components of the vector become 

C° = u- F{t)Dx (y ) , = f{ty + F{t)Dt ) + g{t)uxx- 



Thus 

AC" + DxC^ = Dt{u) - Dx (/(Oy) " F{t)DtDx (^y) + F{t)DtD, 
and then, 

C = {uJ{t)u'^/2 + g{t)uxx) 
provides a conserved field for equation (llSp . In particular 

C = {uJ{t)u^/2) 



(15) 



(16) 



(17) 



(18) 



(19) 



XX I 

(20) 
(21) 
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is a conserved vector for the time dependent inviscid Burgers equation 



ut + f{t)uu^ = 0, (22) 

DtC^ + D.^C^ = 0, where 



C° = n, Ci = y, (23) 
provides a conservation law for the inviscid Burgers equation 

Ut + uux = (24) 

and 

C = {u,u^/2 + Uxx) (25) 
is a conserved vector for the KdV equation 

Ut + uUx + Uxxx = 0. (26) 
Further examples can be found in [U El SI [71 [8] . 



3 Conclusion 

Theorem [1] generalizes results on self-adjoint equations previously obtained in [Il|3ll3], namely, 
corollaries [H El [3] and HI Theorem [1] together the new conservation theorem proved by Ibragimov [7] 
can be used for establishing conservation laws for equations ([2]), since the coefficients obey (j3]). Many 
applications can be found in [H O HI [71 [U [11] . 

The conserved field (j20p provides an infinite number of conservation laws for equation (jlSp parametrized 
by the functions /(t) and g{t). Particular cases of these conservation laws are well known, see references 
cited above. 

To the best of the author's knowledgment, the conserved vector (I23p for the Korteweg-de Vries 
equation, using (fT8|) (or (fT9]) ). was first obtained by Ibragimov in his fundamental work [7], see 0]. 
Taking f{t) = 1 in ([H]), the vector C = (n, u^ /2+g{t)uxx) is a conserved vector for the time dependent 
KdV equation 

Ut + UUx + g{t)Uxxx = 0. 

Thus Div{C) = provides conservation laws for equations listed in the Case 1 of [lOj. Hence these 
conservation laws complement the results obtained in |llj . 

With regard to the inviscid Burgers equation (I24p . the conserved vector (I23p is a particular case 
of the conserved fields obtained in [3]. However, up to the author's knowledgment, the present note 
is the first work that the general conserved vector (120p is found using (jlSp . as well as its particular 
vector (f2T]l . wich provides a conservation law for ([22|l . 
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